We present numerical simulation of the previously unexplored multiphoton spectra of a realistic three level atom one of whose transitions is strongly coupled to a cavity mode while the other is driven by a classical light employing only standard dipole and rotating wave approximations. We show that, if the atom-cavity coupling constant is much larger than atomic and cavity dissipation rates, a relatively weak signal can excite multiphoton transitions. We also show that under resonant atom-cavity conditions, the dark state gets dressed by the cavity photons which leads to a Raman spectra with richly complex structure involving dark-state mediated discrete multiphoton transitions as well as direct Raman transitions.
Introduction
Strong electromagnetic coupling between atomic transitions and quantized cavity modes leads changes in the radiative properties of both systems in proportion to the strength of the coupling [1, 2] . For example, in cavity-induced electromagnetic transparency, the interaction eliminates absorption by the atom while at the same time rendering the cavity opaque to resonant light [4, 5] . Such strong coupling can also be engineered to achieve desirable results in important applications in such fields as quantum computing, quantum communications, efficient nonlinear optical processes at low intensities and coherent control of atomic and molecular dynamics [6, 7, 8, 9, 10, 11] . And while characterization of the structure coupled atom-cavity systems is conceptually simple, realistic treatment of such systems is challenging due to complications due to the dissipative nature of both the atom and the cavity systems. As a result, the dynamical equations representing the behavior of the system have no closed form solutions while at the same time numerical solutions for arbitrary driving fields are challenging to obtain.
Full characterization of the realistic behavior strongly interacting cavity quantum electrodynamics systems requires taking into account a large number of cavity modes. Under strong coupling conditions, even a weak driving field can excite multiphoton transition and from the dynamical point of view, sufficient characterization of the system involves a large number of coupled differential equations.
Up to now, there have been very few studies treating upon multiphoton transitions in strongly coupled atom cavity syste [3, 11] , both of which focus on two-level systems. Building on our earlier work on two level cavity quantum electrodyamics system [11] , we explore numerically the multiphoton spectra of a driven, three level atom one of whose transitions is strongly coupled to a cavity mode while the other is driven by classical light, employing only the standard dipole and rotating wave approximations. The the multiphoton spectrum of the three level system is richly more complex than the two level system and involves features that are not captured by the often employed semiclassical approximations of such system.
Theoretical model
We consider a single, motionless three level atom in Λ configuration strongly interacting with a single, quantized optical cavity mode and is driven by a weak external field. The schematic diagram of the system is shown in 5. The total Hamiltonian of the system plus the driving field is
where H 0 , given by
is the total energy of the non-interacting atom-cavity system (with the zero point energy of the cavity mode excluded). In the above ω j1 = (E j − E 1 )/ (j = 2, 3) are the transition frequencies between the lower ground state and the two states whereas a (a † ) is the cavity mode annihilation (creation) operator and σ ij ≡ |i j| (σ ji = σ † ij ) with i = 1, 2, 3 and i = j are the atomic state inversion operators. (Note that σ ij σ ji = σ ii with i = 1, 2, 3 represent populations of the different atomic levels). The interaction energy is defined as
The first term of the interaction energy represents the of dipole interactions between one of the two of the atomic transitions (i.e., |1 ↔ |3 ) and the cavity mode whereas the second term represents the interaction between the second atomic transition (i.e., |2 ↔ |3 ) and a freespace laser fields. This form of interaction energy assumes the rotating wave approximation where rapidly oscillating terms are ignored. In addition, g = µ 31 ω c /2 0 V , the vacuum Rabi frequency which is measure of the rate of exchange of excitation between the atom and the cavity mode, represents the strength of the interaction between the cavity mode and the atomic transition whereas Ω = µ 32 E represents the strength of the interaction between the second transition and the free-space laser field. The last term of the total Hamiltonian has the form
and it represents the interaction energy between the cavity and classical driving field, where η is the strength of the coupling. To remove fast field oscillations, the total Hamiltonian of the system may be transformed into the frame co-rotating with the external driving field frequency ω l to put it in a form more amenable to numerical computation as
where ∆ i = ω 31 − ω l (i = 1, 2) and ∆ c = ω c − ω l are the detunings of the atomic transitions and the cavity mode from the external driving frequency, respectively, and H.c. standing for Hermitian conjugation.
Dressed state approach
The eigenstates of the full Hamiltonian, the so-called dressed atates, are superpositions of products of the states of the uncoupled system, namely {{|1; n + 1 , |2; n , |3; n }}. The eigenenergies and the eigenstates are obtained by diagonalizing the full Hamiltonian which has the following matrix form in the uncoupled basis representation:
The eigenenergies and eigenvectors of the system are obtained by solving the characteristic polynomial of the above matrix. However, in general, for arbitrary detunings the roots of the characteristic polynomial are themselves very complicated cubic polynomials involving the coupling constants (g and Ω) and the various detunings (∆ c , ∆ 1 and ∆ 2 ). Consequently, a general and simple formula for the eigenenergies does not exist. However, in the case where the free-space field is resonantly coupled to the relevant atomic transition (i.e., ∆ 2 = 0), a significant simplification can be made to express the eigenenergies and the eigenvectors of the system as [10] 
and
|n, − = − sin θ n cos φ n |1, n + 1 − cos θ n cos φ n |2, n + sin φ n |3, n |n, + = sin n θ n sin φ n |1, n + 1 + cos θ n sin φ n |2, n + cos φ n |3, n ,
respectively. In the above the mixing angles θ n and φ n are defined as
and tan φ n = 4g 2 (n + 1) + Ω 2
As per Eq. 8, in the case where the cavity and the atomic transition are resonantly coupled (i.e., ω 31 = ω c ), sin φ = cos φ = 1/ √ 2 and the spectrum takes a symmetrical form with set of similar, unevenly spaced peaks equally detuned from the cavity resonance. On the other hand, mismatch between the atomic transition and cavity mode frequencies leads to asymmetrical spectrum.
The above mathematical description of the atom-cavity interaction accounts for the most obvious features of the spectrum of the coupled system. However, there is a subtle, secondary coupling between the state |n + 1 and the dark state |n, 0 when the system is resonant (or nearly resonant). Such coupling, illustrated in Figure 2 , results from interactions between the energetically degenerate states |n + 1 and the dark state |n, 0 = − cos θ n |1, n + 1 + sin θ n |2, n . When the cavity contains photons, such coupling dresses the dark state and splits it into pairs of anharmonically spaced doublets as shown in Figure 2 . The structure of the dressed dark state is similar to that of two level atom coupled to a cavity mode. Under resonant coupling conditions (i.e., ω c = ω 31 ), the interaction energy takes the form
The eigenenergies of this interaction matrix are ± η √ n + 1, where n is the number of photons in the cavity. The eigenvectors of the interaction matrix are |φ
respectively and the positions of the multiphoton Raman transitions are given by the formula ±η/ √ n + 1. For η much smaller than g, as is assumed here, the Raman spectra is confined to a small region around the cavity resonance. This type of dressing can be detected in the Raman transitions between the two lower atomic states when the atomic transition |2 ↔ |3 is driven.
Open system dynamics
The total Hamiltonian of the system accounts for unitary evolution of the system in the absence of dissipation. However, the inevitable coupling of the system to its environment leads to irreversible loss of photons. The density operator formalism offers a natural way of including dissipation into the dynamics of the system. The all dynamical properties of the system can be extracted from the master equation obeyed by density density operatoṙ
where κ and γ 3j are the cavity and excited state decay rates and
characterizes the cavity damping whereas
characterizes the decay of the excited state into the lower bare atomic state |j (j = 1, 2). The equations of motion of the expectation value of the atomic are
and the cavity mode annihilation operator obeys
with the atomic population subject to the population conserving constrain: σ 11 + σ 22 + σ 33 = 1. in Python (QuTiP) framework [12] to calculate the multiphoton spectra of the system.
Different schemes for probing the system structure
There are different ways that the energy structure of the system can be probed. Figure 3 shows how the energies of the the dressed states |±, n vary with the probe field detuning 
Results
The spectra in the following subsections are obtained by numerically computing the steadystate values of the cavity mean photon number and atomic state populations as functions of the probe field detuning at a moderate level of probe field strength using the following atomic and cavity parameters: Atomc-avity and atom-free-space coupling constants of g = 3, Ω = 0.05, respectively; cavity dissipation rate κ/g = 3.3 × 10 −4 , atomic damping rates γ 31 = 3.3 × 10
and γ 32 = 3.3 × 10 −4 ; and a driving field strength of η/g = 0.0426. We also assume that γ 21 = 0 (i.e., no dephasing). These parameter values correspond cooperativity parameter value of C = g / 2γκ = 4.5 × 10 6 , which puts the system deeply in the strong coupling regime where quantum mechanical effects are dominant.
Two level-cavity system excitations (Ω = 0 case)

Diagonal scanning
The results in Figure 4 show the cavity mean photon number and the excited state (i.e., |3 ) population as functions of the probe field frequency in the case Ω = 0 (effective two level-cavity system) under the diagonal scanning scheme. The spectra in Panels (a) and (c) correspond to the case where the probe field is swept along ω c = ω 31 , whereas the spectra in Panels (b) and (d) correspond to the the case where the probe field is scanned along (ω c −ω 31 )/g = 1/3. The peaks in each branch of the spectra correspond to multiphoton transitions between the ground state of the system and the excited pairs of dressed states |±, n . The broader, outermost peaks in each branch correspond to single photon excitations, whereas the inner peaks represent multiphoton excitations of increasing orders. The positions of the peaks in the spectra in Panels (a) and (c) are given by the resonance formula ±g/ √ n + 1 which is obtained from Equation 8 , whereas the positions of the spectra in Panels (b) and (d) are given by the modified resonance forumula Figure 5 show the spectra of the effective two level-cavity system under the vertical scanning scheme. The spectra shown in Panels (a)-(d) correspond to scanning the system along the lines
Vertical scanning
, respectively. Shifting of the vertical scanning axis leads to changes in the characteristics of the system spectra. Figure 8 shows the steady-state mean cavity photon number as functions of the probe field detuning as the frequency of the probe field is swept vertically in the (ω c , ω 31 ) plane. The spectra in Panels (a) to (d) correspond to the cases where ω 31 /g = 0, 1/3, 2/3 and 1, respectively. Figure 9 shows the steady-state mean cavity photon number as functions of the probe field detuning where the frequency of the probe field is swept horizontally in the (ω c , ω 31 ) plane.
Horizontal scanning
Vertical scanning
Horizontal scanning
The spectra in Panels (a) to (d) correspond to the cases where ω 31 /g = 0, 1/3, 2/3 and 1, respectively. Figure 10 shows the spectra of the system due to Raman transitions in the case where the 
Multiphoton Raman transitions
Discussion
Two level case
Figures 4, 5 and 6 show the excitation spectrum of strongly interacting atom-cavity system in the absence of the free-space field coupling (i.e., Ω = 0) and under various degrees of frequency mismatch between the atomic transition and the cavity mode. As there is no radiative coupling between the atomic state |2 and the dressed states in the absence of the free-space field coupling (i.e., Ω = 0), the system is effectively a two level system interacting with a quantized cavity mode. Consequently, the spectrum of the system is expected to be identical to that of a two level atom-cavity system. Figure 4 shows the spectrum of the system in the particular case where the probe field is swept across the system resonances as the condition ω c − ω 31 = constant Figure 10 , the Raman transitions have mixed structure involving discrete, dressed state-like spectra (outer edges) and interference pattern (inner part) structures. The positions of the discrete, outer peaks are specified by the formula ±η/ √ n + 1, whereas the inner peaks are equally spaced. The spacing of the discrete peaks is similar to that of coupled two level-cavity mode system with the coupling constant η. As indicated by Figure 12 , the positions of the discrete, outer peaks in the spectra in Panel (a) of Figure 10 is consistent with this description. In the horizontally scanned case, the dressed state structure in the spectrum disappears as there is no intersection between the dark state dressed state energy curves and the direction of the scanning the system. Additionally, as shown in Figure 11 , the shape and the structure of the Raman spectrum changes with atom-cavity detuning with the interference pattern disappearing more rapidly than the discrete dressed state transitions. It is also noteworthy to mention the Raman interference fringes are better resolved in the horizontally scanned case than the diagonally scanned case. Figure 13 explores the dependence of the fringe spacing on the probe field strength. The relationship is linear with stronger driving field leading to more fringes with better resolution.
Three level case
Conclusions
In this study we explored in detail the structure and the nonlinear spectra of a three level atom one of whose transitions is strongly interacting with a quantized cavity mode. In the case where the second atomic transition in not driven (i.e., Ω = 0), we show that the spectrum of the system reduces to that of a two level atom interacting with a quantized cavity mode. In the case where the second atomic transition is driven by a classical (free-space) field, we show that the spectrum of the system is much more complex than indicated by semiclassical calculations. We show that the Raman transition between the two lower states has a rich structure involving resonant, dressed state-like transitions and direct multiphoton Raman transitions. We emphasize that such rich structure is of purely quantum mechanical origin that are not captured by semiclassical models for this system. The spectrum of the system under horizontal scanning scheme with Ω = 0. The spectrum in Panel (a) corresponds to the case where the system is scanned alongn ω c − ω l = 0. As this line does not intersect the energy curves of the dressed state pairs |n, ± , peaks corresponding to transitions between these states and the ground state do not appear in the spectrum. On the other hand, a complex Raman peak appears at ω c = ω 31 = 0. Panels (b)-(d) show the spectra of the system when scanned along ω c − ω l = −1, −2 and −3. As these lines do not intersect the energy curves the higher energy branch of the dressed states |n, ± , the spectra under these scanning schemes includes only one branch of the full spectra of the systm. 
